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Abstract

In this essay we will survey some of the results of Markus Reineke on geometry of the
moduli spaces of stable quiver representations, and Tom Bridgeland on properties of
Donaldson-Thomas invariants of Calabi-Yau threefolds. The underlying idea of these
results is to assign a suitable Hall algebra to the abelian category of objects of interest
in the moduli problem and translate categorical statements about this category into
identities in the Hall algebra. An integration on the Hall algebra is defined such that
integrating identities in the Hall algebra will then produce generating functions involving
invariants that we want to study.
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Introduction

This essay will be an exposition of a technique that first appeared in Reineke’s computa-
tion of the Betti numbers of the moduli spaces of stable quiver representations [20] and
has been used later on in works of Bridgeland [4, 5] to prove properties of Donaldson-
Thomas invariants of Calabi-Yau threefolds. In general the idea is to assign a suitable
Hall algebra to the category of objects of interest in the moduli problem and translate
categorical statements about this category into identities in the Hall algebra. “Inte-
grating” identities in the Hall algebra will then produce generating functions involving
invariants that we want to study.

The general setup is that we have an abelian category, A , and we want to study moduli
spaces of isomorphism classes of objects in it. We fix a vector d of discrete invariants
of the objects of A that essentially arise from intersection theory of objects of A (e.g.
degree, rank, Chern character). And we choose a notion of stability. We then construct
the moduli spaceMst

d (A ), of stable objects, or variants of it; e.g. moduli of polystable
objects or objects together with additional structure such as those that can be written
as quotients or come with a framing. The crucial observation is that there is a noncom-
mutative algebra HA encoding “quantitative information” aboutMst

d (A ) such as Betti
numbers and Euler characteristics. Our task is to extract this information.

The magic of the theory lies in the construction of a ring homomorphism from the
corresponding Hall algebra to a (skew) polynomial ring which is generally named an
integration map. This homomorphism is in fact an integration map over the moduli
stack with respect to a motivic measure. As we will see, the proof of the fact that the
integration is a ring homomorphism will heavily rely on

1. A having cohomological dimension ≤ 1 in the case of Reineke, and

2. A being a Calabi-Yau abelian category of dimension 3 in case of Bridgeland.

In the former category all Ext>1 groups vanish so that the Euler characteristic depends
only on Ext0 and Ext1 groups, and in the latter case the Ext>3 groups vanish but Serre
duality makes Euler characteristic depend only on Ext0 and Ext1 groups again.

To motivate this study, it is worthwhile to comment that both cases are interesting
problems to tackle. In the first case the abelian category is Rep

k
Q, the category of k-

representations of a quiver Q. The huge problem of classifying modules over an algebra
is highly related to understanding the case of modules over the path algebra of (probably
complicated) quivers. Beside that, there are many hard problems, essentially of linear
algebra, that reduce to constructing and studying moduli spaces of representations of
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a quiver; e.g. understanding normal forms of simultaneous actions of general linear
groups. The geometric approach one can have toward these algebra problems is to
construct spaces parametrizing these normal forms, and compute algebraic invariants of
these moduli spaces relying on the geometry of them.

Such linear algebra problems are of importance to the algebraic geometer as well. Often
quiver representations serve as a unified language to encode interesting moduli prob-
lems of algebraic geometry. For example, simultaneous action of Gld(C) on Md×d(C)m

appears in the moduli problem of vector bundles on curves. The action of Gld×Gle on
Md×e(C)m via base change shows up when considering vector bundles on P2. Finally,
the construction of Hilbert scheme of points on a smooth Calabi-Yau threefold reduces
to studying representations of the quiver in the following figure.

•
vv��

66

•

OO

There is a whole theory aside what we will consider in this essay, that aims to associate
a quiver to a scheme, such that the category of representations of the quiver is derived
equivalent to the category of coherent sheaves on the scheme[3].

The second category is that of coherent sheaves on a projective Calabi-Yau threefold.
In the past few decades, string theory has motivated a number of enumerative in-
variants of Calabi-Yau threefolds. A few interesting ones to the mathematician have
been the Gromov-Witten invariants (GW), Donaldson-Thomas invariants (DT), and
Pandharipande-Thomas invariant (PT). In [13] and [16] a series of conjectures on the
relations of these invariants were proposed. What is mostly known as the MNOP conjec-
ture is the relation of generative functions of GW invariants and DT invariants. However
we will focus on that part of the claims in these conjectures that relates the generating
functions of the DT and PT invariants. In [4] Bridgeland proved this part of the con-
jecture using techniques of integration on Hall-algebras that were inspired by the works
of Reineke. We will see that beside the technical sophistication of the proof it very
much resembles the same ideas that Reineke had used. The DT/PT correspondence
is expected to be a major step in proving all claims of the conjectural DT/PT/GW
correspondence of MNOP.

The essay is organized in two chapters. In the first chapter we look at works of Reineke.
In section 1.1 we review basics of representations of quivers. A good reference for that
is a series of lecture notes by William Crawley-Boevey[6]. In section 1.2 we will say
a few words on the problem of classification of representations of algebras in general,
and path-algebras in particular. Sections 1.3 and 1.4 surveys the construction of the
moduli space[11, 19]. We will continue with definition and properties of Hall algebras
from section 1.5. The main results of this chapter, i.e. computation of the number of
rational points on the moduli of representations of a quiver [18] and the computation of
Betti numbers [20] are sketched in section 1.7.

The second chapter will focus on the DT/PT correspondence. We will start in section
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2.1 by an overview of the curve counting invariants and state the DT/PT correspon-
dence. We will have to be working in the language of stacks. A useful description of the
subcategory of stable pairs will arise from a t-structure on the derived category of coher-
ent sheaves of the underlying Calabi-Yau variety. All of this will be briefly explored in
section 2.2. Sections 2.3 and 2.4 will be devoted to definition and some of the properties
of the Hall algebra and the integration map. The situation is slightly more complicated
than in the case of Reineke since the formal sums that we are eventually interested in are
not elements of the Hall algebra, but of an extended version of it. In section 2.5 we will
see how Bridgeland overcomes this subtlety by viewing the identities in the extended
Hall algebra as limits of identities that hold in the original Hall algebra. The main result
of this chapter is the DT/PT correspondence proved in section 2.6.
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Chapter 1

Hall algebras and moduli of
representations of a quiver

1.1 The category of representations of a quiver

§1.1.1. By a quiver Q, we mean a finite oriented graph; Let I be the set of vertices and
E the set of arrows. This structure comes with two maps h, t : E −→ I which indicate
the vertices at the head and tail of each arrow. But often we will write α : i −→ j for an
element α ∈ E for which tα = i ∈ I and hα = j ∈ I. Let k be an arbitrary field. Then
a k-representation,

V = ((Vi)i∈I , (Vα : Vtα −→ Vhα)α∈E)

of Q is a collection of finite dimensional k-vector spaces Vi for each i ∈ I, together with
k-linear maps

Vα : Vtα −→ Vhα

along each arrow α ∈ E. A morphism of representations, f : V −→ W is a tuple
(fi : Vi −→Wi)i for each vertex i ∈ I such that all diagrams

Vi

fi
��

Vα // Vj

fj
��

Wi
Wα // Wj

commute. The composition is defined in the obvious way. Such a map is an isomorphism
if each fi is. A subrepresentation is a tuple (Ui ⊂ Vi)i∈I such that Vα(Ui) ⊂ Uj for all
α. This defines an abelian category Rep

k
Q.

§1.1.2. There is a well-defined map

K0(Rep
k
(Q)) −→ ZI

[V ] 7→ dimV = (dimk Vi)i∈I
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since dimensions behave additively along short exact sequences. ZI is called the numer-
ical Grothendieck group. Nevertheless, if Q has no cycles the only irreducible represen-
tations are the ones with only a one-dimensional vector space assigned to one vertex and
all other vertices and maps are trivial. Hence the above mapping is an isomorphism if
Q has no oriented cycles.

§1.1.3. There is an equivalence of categories between Rep
k
Q, and mod kQ, the category

of left-modules over the path algebra kQ. This enables us to do homological algebra on
the category Rep

k
Q. A path in the quiver Q is a sequence of arrows

ω = αk · · ·α1 (1.1.1)

such that there are vertices is for any s = 1, · · · , k + 1, and αs : is −→ is+1. We can
extend the tail and head functions t, h to the set of all paths: for the path ω above,

t(ω) = i1, h(ω) = ik+1.

If ω and σ are two paths
ω = αk · · ·α1, σ = β` · · ·β1

such that h(ω) = t(σ), the concatenation of the two paths ωσ is defined to be the path

σω = β` · · ·β1αk · · ·α1.

Recall that the path-algebra associated to the quiver Q is defined by
Definition 1. The path algebra, kQ of the quiver Q is generated by the set of all paths
as in 1.1.1, and elements εi for each vertex i ∈ I modulo the relations

εiεj = δi,jεi,

εh(ω)ω = ωεt(ω) = ω,

εiω = 0 if i 6= h(ω)
ωej = 0 if j 6= t(ω)

The multiplication of paths ω and σ is by concatenation as above and zero otherwise.

It is easy to describe the equivalence of the two categories Rep
k
Q and mod kQ; Given a

kQ-module V we have projections

V(i) = εiV

which are k-vector spaces assigned to each vertex i ∈ I. For any arrow α : i −→ j, let the
k-linear map

Vα : V(i) −→ V(j)

be defined via v 7→ α.v. Then the tuple
(
(V(i))i∈I , (Vα)α:i−→j

)
forms a k-representation of

Q. Conversely from a representation ((Vi)i∈I , (Vα)α:i−→j) we get a kQ-module V which
as a k-vector space is the direct sum

V =
⊕
i∈I

Vi

with projections πi : V −→ Vi and the module structure is prescribed by the definitions

εiv = πiv and αm · · ·α1v = Vαm ◦ · · · ◦ Vα1(πt(α1)v).
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§1.1.4. Let A be a finite dimensional algebra over the field k. Considered as a left-
module over itself, A is projective. So mod kQ has enough projectives. In fact the first
step of a projective resolution is then going to be A⊗kM −→AM −→ 0.
Theorem 1.1.1 (Standard resolution). For every i ∈ I, define

Pi,j = 〈 paths ω from i to j 〉

to be the vector space generated by paths from i to j and Pi = ⊕j∈IPi,j the vector space
of paths starting from i. Then ⊕i∈IPi is isomorphic to the path algebra kQ viewed as a
left module over itself. For any arrow α : i −→ j we get a morphism Pα : Pj −→ Pi via
ω 7→ ωα. Then for any left kQ-module V we have a resolution

0 −→
⊕

(α:i−→j)∈E

Pj ⊗k V(i)
ψ−→
⊕
i∈I

Pi ⊗k V(i)
ϕ−→ V −→ 0. (1.1.2)

Here ϕ and ψ are determined by

ψ : ω ⊗ v 7→ ωα⊗ v − ω ⊗ α.v

and
ϕ : ω ⊗ v 7→ ω.v.

Note that for a left kQ-module, V , Pi ⊗k V is isomorphic as a left kQ-module to
(Pi)⊕ dimV and therefore is a projective left kQ-module, hence the above is a projec-
tive resolution.

§1.1.5. One last comment about the structure of modules over the path-algebra kQ is the
characterization of the semi-simple and simple ones. Any of the modules Pi we defined
above is simple. As noted before, any projective module appearing in the resolutions
of the form 1.1.2 can be decomposed into direct sums of Pi’s. So in case kQ is finite-
dimensional and equivalently when Q has no cycles, these are precisely all the simple
representations.

Example 1.1.3. If Q has cycles the above assertion does not hold. Consider the quiver,
Q, with one vertex and one loop, α. Since αε = εα = α, the path-algebra of Q is the
polynomial ring in variable α. Let us assume that char k = 0, then by Schur’s lemma
any simple representation of Q is an isomorphism k

×c−→ k for any nonzero scalar c ∈ k.
In the category mod kQ this corresponds to the module k[α]/(α− c) over k[α]. It follows
that these are all the simple modules of the polynomial ring k[α] in one variable. y

§1.1.6. Now we can defined Ext groups in Rep
K

(Q) and an immediate observation is
that this is a category of cohomological dimension 1, i.e. Ext≥2 ∼= 0. It is a finite length
category (i.e. the objects do not produce infinite filtrations) and the Euler characteristic

dim Hom(V,W )− dim Ext1(V,W ) = 〈dimV,dimW 〉

can be computed using an explicit formula in terms of the dimension vectors. For if
d = (di)i∈I and e = (ei)i∈I are respectively the dimension vectors of representations
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V = ((Vi)i∈I , (Vα)α∈E) and W = ((Wi)i∈I , (Wα)α∈E), we can apply Hom(−,W ) to the
resolution 1.1.2 and get an exact sequence

0 −→ Hom(V,W ) −→ Hom(
⊕
i∈I

Pi⊗kV(i),W ) −→ Hom(
⊕
α:i−→j

Pj⊗kV(i),W ) −→ Ext1(V,W ) −→ 0

We have

dimkQ Hom(Pj ⊗k V(i),W ) = dimkQ Hom((Pj)⊕ dimV(i) ,W )

= dimkQ εiV dimkQWεj = diej

and since dimension is additive along exact sequences we conclude that the Euler char-
acteristic is given via the Euler form

〈d, e〉 :=
∑
i∈I

diei −
∑
α:i−→j

diej .

1.2 Classification of quiver representations

§1.2.1. Up to isomorphism any quiver representation is just V = ((kdi), Aα ∈Mdj×di(k))
and this is isomorphic to W = ((kdi), Bα ∈ Mdj×di(k)) if and only if (Bα)α arises from
(Aα)α by simultaneous base change in all kdi ; i.e. automorphisms (gi)i∈I exist such that
for all α : i −→ j we have Bα = gjAαg

−1
i .

Example 1.2.1. For the quiver • // • any representation is isomorphic to the pro-
jection π : kd −→ ke on first r coordinates, for some r ≤ e by elementary row and column
operations. So the three discrete invariants dimV , dimW and rk f classify all represen-
tations of this quiver. The problem gets much harder as we consider more complicated
quivers. For instance as soon as there is a loop in the quiver the isomorphism classes of
representations happen to depend on continuous parameters. For the quiver

•99
the isomorphism classes of representations correspond to conjugacy class of square matri-
ces. Thus over an algebraically closed field, any representation (i.e. an endomorphism of
some finite dimensional vector space) is isomorphic to a Jordan canonical form. There-
fore we have continuous invariants (eigenvalues) as well as discrete ones (sizes of the
Jordan blocks). Another pedagogical example for our purposes is the quiver in the
following figure.

•
•

55kkkkkkk •
iiSSSSSSS

•

GG�����
•

WW00000

For sake of simplicity we fix the dimensions of our vector spaces as being 1 for the
vertices of degree 1 and 2 for the vertex of degree -4, “generically” a representation is
isomorphic to

k2

k

“
1
0

”
66lllllll

k

“
λ
µ

”
hhRRRRRRR

k

“
0
1

” GG�����
k

“
1
1

”WW/////
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where
(
λ
µ

)
is defined up to scalar multiplication. The geometric approach to solving such

classification problems is construction of certain moduli space, which for this example
is that of the families of four lines in the 2-space passing through the origin:

P1 ∼= (P1)4
sst//PGL2 .

y

§1.2.2. In the big picture, it is the algebraist’s hopeless dream to classify the finite-
dimensional representations of a given algebra up to isomorphism. Solving this problem
for path-algebras is still a hard specialization of this problem specially in presence of
lots of loops or lots of arrows in the underlying quiver. There is a whole theory related
to distinguishing such cases. Gabriel’s school[9] has famous results on this. For instance
one might ask which quivers only have discrete invariants. The necessary and sufficient
condition is that the quiver is a disjoint union of the Dynkin diagrams A,D and E where
we get a zero dimensional moduli space. This was generalized by Donovan and Freislich
[8] to extended Dynkin digrams for which we still get “harmless” continuous invariants.
We will not discuss these topics in this essay.

1.3 Stability conditions

§1.3.1. We have an abelian category that is very much like the category of coherent
sheaves on a smooth projective curve. We will try to imitate all the necessary notions
towards the construct moduli spaces as in the case of vector bundles on curves. In that
case we had a canonical choice of stability in terms of rank and degree. Here we do not
have such a canonical choice. Rank is analogous to the sum of dimensions of the vector
spaces appearing in the representation. But our replacement for degree will be a choice
of an additive function Θ : ZI −→ Z (so Θ(d) =

∑
i∈I Θidi). Now we can define the slope

by

µ : Z≥0I − {0} −→ Q
d 7→ Θ(d)/dim d

where dim d :=
∑

i∈I di is the replacement for the rank. And for any 0 6= V ∈ Rep
K
Q

its slope is defined as the slope of its dimension vector:

µ(V ) := µ(dimV ).

Definition 2. V is Θ-stable (resp. Θ-semistable) if and only if for any 0 6= U ( V we
have µ(U) < µ(V ) (resp. µ(U) ≤ µ(V )) and is polystable whenever V is isomorphic to
a direct sum of stables of same slope.

§1.3.2. All usual properties of stable and semistable objects hold. The full subcategory
mod µkQ of semistable representations of kQ of slope µ is a full abelian subcategory of
mod kQ. Obviously the simple objects in mod µkQ are precisely the stable representations
and the polystable representations coincide with the semisimple objects. We can also
define Harder-Narasimhan filtrations and prove their uniqueness in the usual way.
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Remark. The above is a modification of the θ-(semi-)stability introduced in [11]. Given
an additive function

θ : K0(A ) −→ Z

called a character on the Grothendieck group of an abelian category A , King defines
an object M ∈ A to be θ-semistable (resp. θ-stable) if θ(M) = 0 and every subobject
0 6= M ′ ( M satisfies θ(M ′) ≥ 0 (resp. θ(M ′) > 0).

For any choice of character Θ = (Θi)i as in §I.1.3.1 assign a second character

θ(d) = Θ(d)− dim d−Θi

then θ-(semi)stability in the sense of [11] coincides with Θ-(semi)stability in the sense
of §I.1.3.1 by an easy computation.

1.4 Construction of the moduli

§1.4.1. One may expect that the stability condition above coincides with the stability
conditions occuring in geometric invariant theory in the content of Hilbert-Mumford
numerical criterion in presence of a character that linearizes the action. In this section
we will review the construction of the moduli space of representations of a quiver and
count some properties of it, more details and proofs can be found in [19].

Let G be a reductive group acting on an affine space R. Let χ : G −→ Gm be a character
of G. We can lift the action of G to the total space of the trivial line bundle R×A −→ R
via g.(x, z) = (g.x, χ−1(g)z). A semi-invariant of weight χ [14, §6] is a regular function
f ∈ k[R] such that for all g ∈ G, f(g.x) = χ(g)f(x). The ring of semi-invariants is
denoted by k[R]G,χ.

A point x ∈ R is χ-semistable if there is a semi-invariant f ∈ k[Rd]G,χ
m with m ≥ 1

such that f(x) 6= 0. Such a point is called stable, if moreover dimG.x = dimG/∆ and
the G-action on {x ∈ R : f(x) 6= 0} is closed. Here ∆ is the kernel of the representation
of G in R induced by the G-action on R.[11]

Powers of χ give the direct sum ⊕mk[R]G,χ
m the structure of a graded ring and the

projective quotient in direction χ of the action of G on R will be

R//χG := Proj
⊕
m≥0

k[R]G,χ
m
.

We want to apply this construction to our case; We can think of

Rd(Q) :=
⊕
α:i−→j

Hom(Cdi ,Cdj )

as the parameter space of all representations of all types. The reductive group

Gd =
∏
i∈I

GL(Cdi)

6



acts on it by
(gi)i∈I .(Vα)α∈E = (gjVαg−1

i )α:i−→j .

A first observation is that the action of the diagonally embedded scalar matrices in Gd
on Rd(Q) is trivial, so we will not get zero-dimensional stabilizers unless we pass to the
action of the projectivization PGd = Gd/k

∗. Secondly, Rd(Q)//PGd parametrizes merely
the semisimple representations. The open locus of isomorphism classes of simple orbits
(i.e. the stable objects) consists only of the one dimensional representations Pi defined
in §I.1.1.4. Thus we do not always get an interesting moduli space! Before making a
second trial to construct moduli spaces we justify the last assertions by the following
Proposition 1. Let OV be the orbit of the representation V . OV is closed if and only
if the representation V is semi-simple.

Proof. For any subrepresentation W ⊂ V the representation W ⊕V/W is in the closure
of OV . In fact in appropriate basis we have

Vα =
(
Wα Xα

0 (V/W )α

)
for all α : i −→ j and some matrices Xα. Then the one-parameter subgroup Gm −→ Rd
given by

t 7→ (
(
Wα tXα

0 (V/W )α

)
)α:i−→j

proves this claim. The uniqueness of the closed orbit in any orbit closure is proved as
usual [15].
Proposition 2. The quotient variety Rd(Q)st/PGd is a moduli space for isomorphism
classes of simple representations.

Proof. For a semi-simple object V to have finite stabilizer StabGd(V )/k∗ is equivalent
to requiring that

Aut(V ) ∼= k,

(i.e. that the representation is Schurian). These are precisely the simple representations.

The characters of a general linear group are integer powers of the determinant function.
It follows that the characters of PGd are of the form

χΘ :
∏
i

GL(Cdi) −→ C∗

(gi)i 7→
∏
i∈I

det(gi)Θ(d)−dim d.Θi .

Remark. In [11] the character chosen for linearization is χθ where θ = (θi)i. Then we
have to put an extra condition ∑

diθi = 0

on the character so that we have a well-defined character of PGd.

7



§1.4.2. As we hoped for to be able to use geometric invariant theory, χΘ-(semi)stability
of §I.1.4.1 coincides with the notion of Θ-(semi)stability in §I.1.3.1 by [11, proposition
3.1]. So we can interpret the GIT-quotient as the moduli space of semistable objects.
The closed orbits in Rd(Q)sst correspond precisely to polystable objects, so the GIT-
quotient

π : Rd −−� MΘ−pst
d (Q) = Rd(Q)sst//Gd := Proj (⊕n≥0C[Rd(Q)]Gd,χ

n
Θ)

parametrizes the Θ-polystable representations of dimension vector d. There is a projec-
tive morphism from the above space to the affine GIT-quotient

M0−pst
d = Rd(Q)//Gd := Spec(C[Rd(Q)]Gd).

Observe that the latter is a point if Q has no oriented cycles. There is an open locus

MΘ−st
d (Q) = RΘ−st

d (Q)/Gd := π(RΘ−st
d (Q)) ⊆MΘ−pst

d (Q)

which is smooth and irreducible since we are taking geometric quotient of a smooth
irreducible affine universal bundle. We can use the Euler form to comment on the
dimension of it also:

dimMΘ−st
d (Q) = 1− 〈d, d〉

if nonempty.
Remark. This Euler form was of homological meaning but now we see that it also appears
in the moduli, so the moduli has some homological information in it as well.

§1.4.3. The choice of Θ is an important issue. We may not get any interesting collection
of (semi)stable objects with some choices of it. For a given choice of Θ we say
Definition 3. The dimension vector d is coprime if dim d and Θ(d) are coprime.

If d is coprime then semi-stability and stability coincide so in this case we have that

Mpst
d =Mst

d

is a smooth projective scheme (over the affine quotient).

1.5 Hall algebras

§1.5.1. Let k be a finite field k = Fq. We will associate a completed version of the Hall
algebras to the category Rep

k
(Q), given as a Q-vector space by

Hk(Q) :=
∏
d∈NI

QGd(k)(Rd(Q)(k)),

the set of arbitrary Gd(k)-invariant functions f : Rd(Q)(k) −→ Q. The product structure
is defined by

(f ∗ g)(V ) =
∑
U⊆V

f(U)g(V/U)

8



where f : Rd(Q)(k) −→ Q and g : Re(Q)(k) −→ Q. Here V ranges over elements of
Rd+e(Q)(k) and the summation is over all subrepresentations U ⊆ V with dimension
vector d. V/U makes sense since f and g are invariant functions, so if we make a choice
of basis for V/U we get an element of Re(Q)(k). We conclude that the above sum is
finite and well-defined.

Hk(Q) is an associative NI-graded Q-algebra with unit 1 : R0(Q)(k) −→ Q that assigns
1 to the single point of R0(Q)(k).

§1.5.2. Let 1 : V 7→ 1 be the constant function and for any µ ∈ Q define

1µ(V ) =
{

1 V is semistable of slope µ or if V is the zero representation
0 otherwise.

The above elements of Hk(Q) are related as follows.

←∏
µ∈Q

1µ(V ) :=
∑

µ1>···>µs
(1µ1 ∗ · · · ∗ 1µs)(V )

=
∑

µ1>···>µs

∑
0=V0⊂···⊂Vs=V

(1µ1(V1/V0) ∗ · · · ∗ 1µs(Vs/Vs−1))

The latter summation is the cardinality of the set

{0 = V0 ⊂ · · · ⊂ Vs = V : all factors are semistable and their slopes are strictly decreasing}

which by definition is the number of Harder-Narasimhan filtrations of V . But the Harder-
Narasihman filtration is unique hence we have proved the following lemma which implies
that we can extract information about stability of representations from the Hall algebra.
Lemma 1 (Harder-Narasimhan recursion). We have an identity 1 =

∏←
µ∈Q 1µ.

1.6 Integration on Hall algebras

§1.6.1. Let Qq [[I]] = Q [[ti : i ∈ I]] be the skew ring of power series in variables ti, with
the product structure

td.te = q−〈e,d〉td+e

where we have used the notation td =
∏
tdii for convenience and q is the size of the finite

field as in the previous section.
Definition 4. The integration map on the Hall algebra Hk(Q) is defined via∫

: Hk(Q) −→ Qq [[I]]

f 7→
∑
[V ]

f(V )
|Aut(V )|

tdimV

here [V ] ranges over all isomorphism classes.

Our key observation is the following
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Proposition 3.
∫

: Hk(Q) −→ Qq [[I]] is a Q-algebra homomorphism.

Proof. Note that the characteristic functions 1V of orbits (i.e. isomorphism classes in
Rep

k
(Q)) form a basis for the algebra. So it suffices to prove

∫
(1V ∗1W ) =

∫
1V ∗

∫
1W .

This is equivalent to proving

∑
X

#{U ⊆ X : U ∼= V,X/U ∼= W} 1
|Aut(X)|

tdimX =
q−〈dimW,dimV 〉

|AutV ||AutW |
tdimV+dimW .

(1.6.1)

Consider the set of all short exact sequences 0 −→ V −→ X −→ W −→ 0 of representations
and call it S. Two short exact sequences are equivalent if they fit into a commutative
diagram

V //

id
��

X //

∼=
��

W

id
��

V // Y // W

commutes. Then as a set Ext1(W,V )X is the set of extensions (V −→ X −→ W ) where
the middle term is isomorphic to X, up to the above equivalence of extensions.

On the set S the groups AutV , AutW and AutX act. It is clear that AutV ×
AutW acts freely but simple diagram chasing shows that AutX acts with stabilizer
1 + αHom(W,V )β where α and β are the maps fitting in the short exact sequence of
the trivial extension

0 −→ V
α−→ V ⊕W β−→W −→ 0.

If we mod out S by AutX then we get the orbit space Ext1(W,V )X and if we mod out
by AutV ×AutW we get our set of interest

{U ⊆ X : U ∼= V,X/U ∼= W}.

So the left hand side of equation 1.6.1 is equal to

∑
X

|Ext1(W,V )X ||AutX|
|AutV ||AutW ||Hom(W,V )|

1
|AutX|

tdimV+dimW

=
tdimV+dimW

|AutV ||AutX||Hom(W,V )|
∑
X

|Ext1(W,V )X |

=
tdimV+dimW

|AutV ||AutX|
|Ext1(W,V )|
|Hom(W,V )|

=
tdimV+dimW

|AutV ||AutX|
qdim Ext1(W,V )−dim Hom(W,V ).

This completes the proof.
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1.7 Cohomology and arithmetic of MΘ−pst
d (Q)

§1.7.1. We want to exploit the identity
∫

1 =
∫ ∏

µ 1µ. On the left hand side we have∫
1 =

∑
[V ]

1
|AutV |

tdimV =
∑
d∈NI

|Rd(Q)(k)|
|Gd(k)|

.td =
∑
d∈NI

q−〈d,d〉∏
i∈I
∏di
j=1(1− q−j)

td.

and on the other side ∫
1µ = 1 +

∑
d:µ(d)=µ

|Rsstd (Q)(k)|
|Gd(k)|

td.

Since integration is a homomorphism we get

∑
d∈NI

q−〈d,d〉∏
i∈I
∏di
j=1(1− q−j)

td =
←∏
µ∈Q

(1 +
∑

d:µ(d)=µ

|Rsstd (Q)(k)|
|Gd(k)|

td).

Comparing coefficients gives a recursive expression for |R
sst
d (Q)(k)|
|Gd(k)| in terms of coefficients

on the left hand side. This counts the number of rational points over finite fields:
Corollary 1. We have

|Rsstd (Q)(k)|
|Gd(k)|

=
∑

(−1)s−1q−
P
i<j〈dj ,di〉

s∏
i=1

|Rsst
di

(Q)|
|Gdi |

where the sum is over all partitions d1 +· · ·+ds = d of d into non-zero dimension vectors
such that µ(

∑i
j=1 d

j) > µ(d) for all i < s.

§1.7.2. We make the assumption that d is coprime and Θ is generic, in which setting

Rd(Q)st −→MΘ−poly
d (Q) =MΘ−st

d (Q)

is a PGd-principal bundle over smooth base.

By Seshari’s variant of geometric invariant theory over rings[22] there is a scheme X
over Spec Z such that Spec C×ZX =MΘ−st

d (Q). Hence over the k-points the above fact
implies

|MΘ−st
d (Q)(k)| = |Rd(Q)st(k)|

|PGd(k)|
= (q − 1)

|Rd(Q)sst(k)|
|Gd(k)|

. (1.7.1)

By corollary 1 we conclude that |MΘ−st
d (Q)(Fq)| is a rational polynomial in q.

§1.7.3. Recall that Deligne’s theorem (Weil’s conjecture)[7] shows that if the number
of rational points of a scheme it is counted by a rational polynomial in the size of the
field then it is actually a polynomial with integer coefficients. In our caseMΘ−st

d (Q) is
a smooth projective and the same result of Deligne shows that this polynomial is the
Poincare polynomial

|MΘ−st
d (Q)(Fq)| =

∑
i≥0

dimH i(MΘ−st
d (Q),Q)qi/2.

11



In particular the coefficients are non-negative integers.

One can explicitly work out the recursive formula obtained from corollary 1 and equation
1.7.1 to get

∑
i

dimH i(Mst
d (Q),Q)qi/2 = (q − 1)

∑
(−1)s−1q−

P
k≤`〈d`,dk〉

s∏
k=1

∏
i∈I

dki∏
j=1

(1− q−j)−1.

(1.7.2)
where the sum is over all partitions d1 + · · ·+ds = d of d into non-zero dimension vectors
such that µ(

∑i
j=1 d

j) > µ(d) for all i < s. This gives an explicit computation of all the
Betti numbers of our moduli space. Note that q = 1 is a singularity of the right hand
series so this result fails to give us the computation of the Euler characteristic.

Example 1.7.3. It is possible to make formula 1.7.2 explicit for several classes of quiv-
ers. One such class of examples is that of quivers of the form

•

•

;;vvvvvv •

CC����
· · · •

aaDDDDD

with vertices i0, i1, · · · , in and arrows ik −→ i0 for k = 1, · · · , n. We restrict ourselves to
the dimension vectors of the form (m, 1, · · · , 1). Making right hand side of formula 1.7.2
is relatively easy when the stability condition corresponds to Θ(d) = −d0. However the
counting problem of all possible partitions get involved in the cases that this choice of
Θ is not coprime and we have to find an alternative one.

For instance it is straightforward to work out the case of dimension vector d = (2, 1, 1, 1)
when the quiver has four vertices. In this case the above choice of Θ is coprime. We
need to consider all partitions of d such that the partial sums

∑i
j=1 d

j = (b, a1, a2, a3)
satisfy

a1 + a2 + a3 >
3b
2
.

We may rewrite the formula 1.7.2 as∑
i

dimH i(Mst
d (Q),Q)qi/2 = 1 +

q5

(q + 1)(q − 1)4
S1 +

q5

(q − 1)4
S2 +

q4

(q − 1)4
S3

where S1 is the number of nontrivial partitions ending with ds0 = 2, S2 is the number of
partitions ending with

ds = (1, 0, 0, 0), ds−1 = (1, 1, 1, 1)

and S3 is the number of partitions ending with ds0 = 1 and one of ds−1 or ds−2 is from
the set

{(1, 1, 0, 1), (1, 0, 1, 1), (0, 1, 1, 1)}.

Counting shows that S1 = S2 = S3 = 0 which agrees with the fact that the moduli space
of three points on P1, i.e. (P1)3

ss//PGL2 is a point. y
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Chapter 2

Hall algebras and DT/PT
correspondence

2.1 A review of curve counting invariants

§2.1.1. In this chapter, we will be working over the base field C. Throughout, M will
denote a fixed smooth complex projective Calabi-Yau threefold and by this we mean
that the canonical bundle KM is trivial and H1(M,OM ) = 0. Let L be a fixed very
ample line bundle on M as well. For a class β ∈ H2(M,Z) and an integer n ∈ Z there
is a scheme HilbM (β, n) that parametrizes the projections

OM � E

where E is a coherent sheaf of Hilbert polynomial

χ(E(k)) = k

∫
β
c1(L) + n.

In particular the Chern character of E is

(rk(E), ch1(E), ch2(E), ch3(E)) = (1, 0,−β,−n). (2.1.1)

The Donaldson-Thomas invariant of M corresponding to the pair (β, n) is now defined
to be

DTM (β, n) =
∑
n∈Z

nχ(ν−1
HilbM

(n)).

Here ν is the Behrend function [1] of this scheme, which is a constructible function

νHilbM : HilbM (β, n) −→ Z.

A key property of the Behrend function that we would like to recall is that if f : X −→ Y
is a smooth morphism of relative dimension n then the Behrend functions of the two
schemes are related via

νX = (−1)nf∗(νY ). (2.1.2)

This can be used to extend Behrend functions to any algebraic stack locally of finite
type over C.
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§2.1.2. There is another invariant associated to M and (β, n) defined by Pandharipande
and Thomas [17]. They first construct another moduli space

Hilb#
M (β, n)

parametrizing objects
OM

s−→ E

where E still has the same Hilbert polynomial as above (hence of rank one) but

1. is a pure sheaf (i.e. has no subsheaf supported in dimension zero), and

2. coker(s) is supported in dimension zero.

Such a map OX
s−→ E is called a stable pair. To construct this scheme as a moduli space

Le Potier [12] considers the GIT problem of pairs (E, s), consisting of a sheaf E with
support of dimension at most 1 and a section OM

s−→ E. There is a certain slope-stability
condition on these objects, for which stable objects coincide with the stable pairs defined
above and the semistable objects coincide with maps OX

s−→ E which are again pure but
instead of condition (2) satisfy

(2’) s is a nonzero section.

Consequently the scheme Hilb#
M (β, n) can be constructed using geometric invariant the-

ory as the moduli space of semistable pairs. Now the Pandharipande-Thomas invariant
ofM for vector (β, n) is the same weighted Euler characteristic computed for this scheme

PTM (β, n) =
∑
n∈Z

nχ(ν−1

Hilb#
M

(n)).

§2.1.3. It was conjectured (together with many other things) that the above two invari-
ants are related as follows [17, Conjecture 3.3.]:

1. The Laurent series
DT(β) =

∑
n∈Z

DT(β, n)tn

and
PT(β) =

∑
n∈Z

PT(β, n)tn

are related by the identity

DT(β) = PT(β).DT(0). (2.1.3)

2. PT(β) is the Laurent expansion of a rational function of t which is invariant under
t 7→ t−1.

The rest of this essay will explain a proof of part (1) of the above conjecture. Before
that we will fix some notations. We will need to work with moduli stacks rather than the
above moduli spaces. We start with the abelian category of coherent sheaves on M . A
will always denote this category andM the moduli stack of objects of A . This means
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that the objects ofM over a scheme S are coherent sheaves on S ×M flat over S. We
will use the same notation for a scheme and the stack it represents. In particular from
now on HilbM and Hilb#

M will rather denote corresponding stacks over C. For a full
subcategory B of A , that yields an algebraic stack, the corresponding open substack of
M will be denoted by

MB ⊂MA .

2.2 The moduli stacks and some of its useful variants

§2.2.1. Let K(A ) be the Grothendieck group of the category A . The bilinear form

χ(E,F ) =
∑
i

(−1)i dimC Exti(E,F )

is called the Euler form on K(A ). By Serre duality, the sets of left and right orthogonal
objects to A with respect to the Euler form, i.e.

{E : χ(E,F ) = 0 for all objects F in A } and {F : χ(E,F ) = 0 for all objects E in A },

are the same subgroup K(A )⊥ and therefore the quotient

N(M) = K(A )/K(A )⊥

called the numerical Grothendieck group carries a well-defined bilinear form. There is a
monoid Γ ⊂ N(M) consisting of classes of sheaves.

§2.2.2. The two full subcategories

T = {E ∈ A : dim supp(E) = 0}

and
F = {E ∈ A : HomA (T,E) = 0, ∀T ∈ T }

form a torsion pair. By tilting the standard t-structure of Db(A ) with respect to this
torsion pair, we get another t-structure on Db(A ) with heart

A # = {E ∈ D : H0(E) ∈ F , H1(E) ∈ T , and H i(E) = 0 otherwise}.

In particular OM is in the heart. The nice thing about this t-structure is that a stable
pair as defined above is precisely an epimorphism in A # whose image is supported in
dimension at most one. In fact take any short exact sequence

0 −→ ker f −→ OM
f−→ E −→ 0

in A #. Applying cohomology to it, the nontrivial part of the long exact sequence is

0 −→ H0(ker f) −→ OM −→ H0(E) −→ H1(ker) −→ 0.
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So E has no higher cohomologies and therefore is a sheaf H0(E) = E ∈ A . But
A ∩A # = F and thus E ∈ F . Conversely a pair OM

f−→ E fits in a triangle

I −→ OM −→ E −→ I[1]

in A by rotating the triangle OM
f−→ E −→ Cf −→ OM [1]. We get the long exact sequence

0 −→ H0(I) −→ OM −→ H0(E) −→ H1(I) −→ 0.

So I = H0(I) is a subsheaf of OM . But OM is an object of F and therefore I ∈ F .
Since F is a subcategory of A # we also get coker f = H1(I) ∈ T . We conclude that
I ∈ A # and that the triangle is a short exact sequence in A #.

§2.2.3. We shall restrict to the category of coherent sheaves supported in dimension at
most one. These form a full subcategory A≤1 ⊂ A . The objects of it form an open and
closed substack

M≤1 ⊂M.

They also generate a subgroup N≤1(M) ⊂ N(M) and the monoid Γ intersects it in

Γ≤1 = N≤1(M) ∩ Γ.

In view of the characterization 2.1.1 this effective cone can be identified [4, Lemma 2.2]
with

Γ≤1 = {(β, n) ∈ A1(M)⊕ Z : β > 0, or β = 0 and n ≥ 0}.
Also observe that for any γ ∈ Γ there is an open and closed substackMγ ⊂ M which
results in the decomposition

M≤1 =
∐

γ∈Γ≤1

Mγ . (2.2.1)

We will make a small abuse of notation and denote the full subcategory

F ∩A≤1 ⊂ A≤1

by the same notation F . This should arise no confusions since in what follows all
equations involving elements of Hall algebras will be that of categories restricted to
sheaves supported in dimensions ≤ 1.

§2.2.4. The moduli spaces constructed in section 2.1 can be viewed as open substacks
of the stack of framed sheaves denote byM(O). The stackM(O) is an algebraic stack
with objects lying over a scheme S being pairs (E, γ) of an S-flat coherent sheaf E on
S ×M and a section

γ : OS×M −→ E.

There is an obvious morphism
q :M(O) −→M (2.2.2)

which is representable and of finite type. Then

HilbM ⊂M(O), and Hilb#
M ⊂M(O)

are the open substacks whose C-valued points are morphisms OM −→ E that are epimor-
phisms in the category A and A # respectively.
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2.3 Motivic Hall algebras

§2.3.1. Let S be an algebraic stack, locally of finite type over C. We say that S has
affine stabilizers if for any C-valued point x ∈ S(C), the algebraic group IsomC(x, x) is
affine. By [4, Proposition 3.4] the condition of having affine stabilizers is equivalent to
existence of a variety R with an action of a general linear group G, and a representable
morphism of stacks

f : [R/G] −→ S

such that the induced mapping [R/G](C) −→ S(C) on C-valued points is a bijection.

§2.3.2. Let S be an algebraic stack, locally of finite type over C with affine stabilizers.
There is a 2-category of algebraic stacks over S. Let St/S be the full subcategory of
objects X f−→ S for which X if of finite type over C. We say the morphism X −→ S has
affine stabilizers if X does. The relative Grothendieck group K(St/S) is the complex
vector space spanned by equivalence classes of objects

[X
f−→ S]

with affine stabilizers modulo the relations

• for every pair of stacks X and Y

[X1
f1−→ S] + [X2

f2−→ S] = [X1

∐
X2

f1
‘
f2−−−−→ S],

• if g : X1 −→ X2 is a geometric bijection over S, then

[X1
f1−→ S] = [X2

f2−→ S],

• for every pair of Zariski fibrations (i.e. presentable morphisms of stacks with all
their pullbacks to schemes being Zariski trivial fibrations of schemes)

h1 : X1 −→ Y, and h2 : X2 −→ Y

with same fibers and for every morphism g : Y −→ S, we require

[X1
g◦h1−−−→ S] = [X2

g◦h2−−−→ S].

Every scheme is a representable stack so we have a homomorphism of commutative rings

K(Var/C) −→ K(St/C).

The reason we impose the condition of having affine stabilizers is to obtain an isomor-
phism

K(Var/C)[L−1][(Li − 1)−1 : i ≥ 1] ∼= K(Var/C)[GL(d)−1 : d ≥ 1]
∼=−→ K(St/C).

Here L = [A1] ∈ K(Var/C) is the class of affine line.
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§2.3.3. There is an algebraic stack,M(2), of short exact sequence of objects of A with
morphisms a1, a2, b :M(2) −→M sending a short exact sequence

0 −→ A1 −→ B −→ A2 −→ 0

to the sheaves A1, A2 and B respectively. The motivic Hall algebra [4, Section 4] is the
vector space

H(A ) = K(St/M).

We define the so called convolution product on elements of the Hall algebra via

[X1
f1−→M] ∗ [X2

f2−→M] = [Z b◦h−−→M]

where h is the morphism filling the cartesian square

Z

�

h //

��

M(2)
b //

(a1,a2)

��

M

X1 ×X2
//M×M.

With this product structure H(A ) is a non-commutative associative unital algebra over
K(St/C) with unit element [Spec(C) ↪→M].

§2.3.4. Some of the objects of our interest live in an “infinite-type” version of the Hall-
algebra. It is conceptually worthwhile to define this algebra since when working with
formal sums over this extended algebra we will not have to worry about the possible con-
vergence issues. Given an algebraic stack S we first define an infinite-type Grothendieck
group L(St∞/S) by considering symbols [f : X −→ S] as in §II.2.3.2 but with the con-
dition that X is merely locally of finite type over C modulo the same relations as before
except the first one.

• If g : X1 −→ X2 is a geometric bijection over S, then

[X1
f1−→ S] = [X2

f2−→ S],

• for every pair of Zariski fibrations

h1 : X1 −→ Y, and h2 : X2 −→ Y

with same fibers and for every morphism g : Y −→ S, we require

[X1
g◦h1−−−→ S] = [X2

g◦h2−−−→ S].

Note that otherwise the three conditions together give the zero vector space. The infinite-
type Hall algebra associated to A is the vector space

H∞(A ) = L(St∞/A )

with analogous product structure as in §II.2.3.3.
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§2.3.5. Now we list some of the interesting elements of the infinite-type Hall algebra.
For any open substack N ⊆M we will use the notation

1N = [N ↪→M] ∈ H∞(A ).

By pulling back N ↪→M along q defined in equation 2.2.2 we get

1ON = [N (O)
q−→M] ∈ H∞(A ).

The restriction of q to the Hilbert scheme and moduli stack of stable pairs are the other
element of interest to us

H = [HilbM
q−→M] ∈ H∞(A ), H# = [Hilb#

M

q−→M] ∈ H∞(A ).

2.4 Integration on Hall algebras

§2.4.1. Let H ⊂ H(A ) be the subalgebra spanned by symbols

[X
f−→M]

that factor through the inclusionM≤1 −→M. Recall that H(A ) is an algebra over the
ring K(St/C). In view of the homomorphisms of commutative rings

K(Var/C) −→ K(Var/C)(L−1) −→ K(St/C)

the K(Var/C)(L−1)-submodule of H(A ) spanned by regular classes (i.e. that of maps
[f : X −→M] with X a variety) is closed under the convolution product and is therefore
a K(Var/C)[L−1]-subalgebra

Hreg ⊂ H.

A next observation [4, Theorem 5.1] is that the quotient

Hsc = Hreg/(L− 1)Hreg

known as the semi-classical Hall algebra is a commutative K(Var/C)-algebra and is
equipped with an extra structure, that of a Poisson bracket defined by

{f, g} =
f ∗ g − g ∗ f

L− 1
mod (L− 1).

By equation 2.2.1 these are all Γ≤1-graded algebras.

§2.4.2. Now let C(Γ≤1) =
⊕

γ∈Γ≤1
C.xγ be the monoid-algebra of Γ≤1 over field C. It is

a Poisson algebra with commutative product

xγ ∗ xδ = xγ+δ

and trivial Poisson bracket. We reserve the notation xβ for x(β,0) and q for x(0,1).
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Our integration map is then a homomorphism of Γ≤1-graded Poisson algebras

I : Hsc −→ C[Γ≤1]

which is uniquely determined [4, Theorem 5.2] by the property that

I([X
f−→Mγ ]) = χ(X, f∗(νM≤1

)).xγ .

Here ν : M≤1 −→ Z is the Behrend function of the stack M≤1 and the weight Euler
characteristic χ is defined as usual:

χ(X, f∗(νM≤1
)) =

∑
n∈Z

nχ((νM≤1
◦ f)−1(n)).

§2.4.3. One final modification of the Hall algebra is to extend it to the group of formal
sums of elements of H of the form

a =
∑

γ∈∆⊂Γ≤1

aγ

that satisfy some boundedness conditions from below. These conditions are not very
complicated [5, Section 5.2] but for sake of simplicity of notations we will neglect them
and use the same symbol H for the group of formal sums created thus. Let πγ : H −→ Hγ

be the projection on the γ-graded piece of H. We extend the K(St/C)-algebra structure
provided by the convolution product via

πσ(a ∗ b) =
∑

γ+δ=σ

πγ(a) ∗ πδ(b).

This also extends Hreg,Hsc and the (graded) homomorphism I of Poisson algebras.

We are interested in morphisms of stacks f : X −→M≤1 that can be written as a formal
sum ∑

γ∈S
[Xγ

f−→M≤1]

in the above algebra (this requires Xγ = f−1(Mγ) to be of finite type for all γ and S is
an index set satisfying boundedness conditions). It turns out that the open and closed
subschemes

HilbM,≤1 =M≤1 ∩HilbM ,Hilb#
M,≤1 =M≤1 ∩Hilb#

M

give morphisms
q : HilbM,≤1 −→M≤1, q : Hilb#

M,≤1 −→M≤1

of the mentioned type. We let H and H# denote their corresponding elements in H. So
we can integrate them and we get

I(H) =
∑

(β,n)∈Γ≤1

(−1)nDT(β, n)xβqn = DTβ(−q).xβ (2.4.1)

I(H#) =
∑

(β,n)∈Γ≤1

(−1)nPT(β, n)xβqn = PTβ(−q).xβ. (2.4.2)
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The component of the Hilbert scheme parametrizing zero-dimension subschemes of M
also gives a morphism q : HilbM,0 −→ M≤1 of the desire type and the integral of the
corresponding element H0 of the algebra is

I(H0) =
∑

(β,n)∈Γ≤1

DT(0, n)qn = DT0(−q). (2.4.3)

The reason equations 2.4.1, 2.4.2 and 2.4.3 hold is basically that Behrend functions of
M≤1 and our moduli schemes are related with the following Behrend function identity
proved by Pandharipande, Thomas and Bridgeland [4, Theorem 3.1]

νM(O) = (−1)χ◦q. (νM ◦ q)

which is analogous to the identity of equation 2.1.2.

2.5 Truncated moduli stacks and identities in limit

§2.5.1. As in the case of Hall algebras associated to representations of quivers the idea
is to prove some identities in a certain Hall algebra and integrate them in a sense similar
to that of Chapter 1. The subtlety is that some of the elements of our interest will not
be in the Hall algebra we shall be working in but in an extended one (see §II.2.3.4).
In order to overcome this technical difficulty we will introduce some truncated versions
of the above moduli spaces in terms of the stability conditions and define a notion of
identity in limit as will come up. The stability condition that Bridgeland works with is
the slope stability

µ(γ) =
c3(γ)
c2(γ)[L]

.

Since c2(γ) can be zero, the slopes are rational numbers ranging in (−∞,+∞]. Stabil-
ity, semistability, Harder-Narasimhan filtrations are all defined in the usual way. The
important observation is that for any interval I ⊂ (−∞,+∞], there is a full subcategory

SI ⊂ A≤1

consisting of zero objects and sheaves whose Harder-Narasimhan factors all have slopes
in I. In particular

T = S{+∞}, and F = S(−∞,+∞).

§2.5.2. In H∞(A ) we have identities

1M = 1MT
∗ 1MF

(2.5.1)

1OM = 1OMT
∗ 1OMF

. (2.5.2)

The proofs [4, Lemma 4.1 and 4.2] are nice exercises in 2-categories. For instance to
prove 2.5.1 it suffices to prove that the right hand side product

[Z −→M]

21



given by the diagram

Z //

��

M(2) //

��

M

MT ×MF
//M×M

is an equivalence on C-valued points as in §II.2.3.2. But the groupoid of S-valued points
of Z is identical to short exact sequences

0 −→ P −→ E −→ Q −→ 0

of S-flat sheaves, with P in T and Q in F . (T ,F ) is a torsion pair so we are done
since any object E fits in a unique short exact sequence as above. This is the type of
argument that will be used in proving the other Hall algebra identities that will show
up as well. Hence we will skip the proofs and refer the reader to [4] for details.

§2.5.3. To over come the convergence issue in the above identities when working in H,
we exchange them by truncated ones

1MS[µ,∞]
= 1T ∗ 1MS[µ,∞)

, and 1OMS[µ,∞]
= 1OT ∗ 1OMS[µ,∞)

and observe that they hold as µ −→ −∞. Such an ‘approximation’ for the identities in
H∞(A ) will be written shortly as

1OM ≈ 1OMT
∗ 1OMF

(2.5.3)

1M ≈ 1MT
∗ 1MF

. (2.5.4)

2.6 DT/PT correspondence

§2.6.1. We want to prove

I(H) = I(H0)I(H#). (2.6.1)

There are three identities

1OM ≈ H ∗ 1M (2.6.2)

1OMT
= H0 ∗ 1MT

(2.6.3)

1OMF
≈ H# ∗ 1MF

(2.6.4)

where only the middle one contains terms of finite type over C and holds strictly. The
other two hold in limits as µ −→ −∞.

There is a whole machinery of Joyce that can be used to show that the elements

1M, 1MT
, and 1MF
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are invertible [4, Theorem 6.3]. So we have

H ∗ 1MT
≈ 1OM ∗ 1−1

M ∗ 1MT

≈ 1OMT
∗ 1OMF

∗ 1−1
M ∗ 1MT

by 2.5.1

≈ 1OMT
∗ 1OMF

∗ 1−1
M ∗ 1MT

by 2.5.1

≈ 1OMT
∗ 1OMF

∗ 1−1
MF
∗ 1−1
MT
∗ 1MT

by 2.5.2

≈ H0 ∗ 1MT
∗ H#.

Now H# and 1MT
commute up to a coefficient arising from the Poisson structure which

vanishes after integration (see details in [4, Corollary 6.4]). This proves identity 2.6.1.
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